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Abstract
The processes of unstable W- and Z-boson production are considered in a recently
proposed modied perturbation theory (PT), based on direct expansion of probabilities
instead of amplitudes. In such an approach the nonintegrable singularities in the
phase space, which are intrinsic in the conventional PT, appear as singularities in the
coupling constant (with subsequent compensation by the decay factors of unstable
states). In present paper the systematic research of the modied PT is carried out.
The results are compared with the results of the usual approach, based on calculation
of the amplitude with Dyson resummation. The solution of the problem of reducing
one-loop PT order in the resonance region, leading to paradoxical results in the usual
approach, is discovered. On the basis of this solution the proof of gauge cancellations in
any order of the modied PT is given. It is shown that within the given accuracy limits
the results obtained in the modied PT may be reproduced in the usual approach with
addition of an anomalous term to the probability. An elementary generalization of the
fermion-loop scheme is established which provides the complete description of W-pair
production in the next-to-leading approximation.
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1 Introduction
In many eld-theoretic applications of the Standard Model, connected with the present
and future collider experiments, the eects of instability of W- and Z-bosons should be
taken into consideration (as well as of Higgs boson, top quark etc.) [1]. In quantum eld
theory the usual way to take into account instability consists in Dyson resummation of self-
energy of unstable particles [2]. This procedure provides to avoid nonintegrable phase-space
singularities caused by contributions of \outgoing" unstable particles. However it makes
impossible xed-order calculations in the framework of perturbation theory (PT). In gauge
theories it results [3, 4] in loss of gauge invariance and violation of Ward identities (WI).
The latter eect owing to loss of the control of high-energy behavior of the theory can lead
to large errors in description of particular processes.
In the case of single Z-boson production (LEP1) the problem of gauge cancellations may
be solved ad hoc within the precision determined by one-loop corrections to the vertex func-
tions (in fact, this is the next-to-leading-order approximation, NLO). More consistent scheme
was proposed in Ref.[5]. In this way only the gauge-invariant contributions to self-energy were
Dyson resummed while the gauge-dependent contributions were considered by conventional
PT. As a result, the amplitude managed to be presented as a product of gauge-independent
factors, two vertex and one resonant. Nevertheless, this result is not universal. Anyway, now
it is not clear whether the indicated property of the amplitude will be maintained within the
next order of precision determined by two-loop corrections to the vertex functions.
In the case of pair production of unstable particles (LEP2) the amplitude fails to be
presented in completely gauge invariant form.1 The hopes, nevertheless, for any further
progress in such calculations are usually connected with rather general idea to determine the
minimal set of Feynman diagrams that are necessary for compensating the gauge violation
by the Dyson resummed self-energies. With one-loop self-energies are taken into account, in
this way the fermion-loop scheme was attracted [8, 9], and also its generalization [10] dened
in formalism of the background-eld method. The latter scheme allows one to consider of
bosonic corrections and remains in force not only in the one-loop approximation. Never-
theless, the desired precision of the description is still unachieved due to the reduction of
one-loop PT order in the resonance region [11, 12].
Let us consider in more detail the latter phenomenon. The matter is that the denominator
of \unstable" propagator in the resonance region, p2 −M2 = O(g2), is of order O(g2), but
not O(1). So, the one-loop correction to self-energy actually appears in the leading-order
approximation, but not in NLO one. Therefore, also the two-loop correction to self-energy
is necessary to complete the NLO approximation. However that fact hardly leaves a chance
to maintain WI without taking into consideration the two-loop corrections to the vertex
functions, which is impractical [11, 12].
In fact, this phenomenon leads to paradoxical consequences. Most clearly it can be seen
in the approach of the background-eld formalism, which allows one to keep on the validity
1It should be noted that besides the considered here approach, based on Dyson resummation, there is an
alternate approach called the pole scheme [6]. The gauge invariance in this scheme is initially included, but,
unfortunately, an algorithm of evaluation of the corrections is not developed. Anyway, the actual calculations
in this scheme do not proceed beyond the double-pole approximation [7]. However the range of applicability
of that approximation is rather restricted, and its accuracy is rather low.
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of WI provided that with Dyson resummed self-energies up to n-loops the corrections to
the vertex functions up to n-loops are taken into account, as well [10]. Let us assume that
we know the amplitude calculated in this way up to (n + 1)-loop corrections. Then, due
to the reduction of one-loop PT order in the resonance region, this amplitude is actually
known within the n-loop precision (i.e. within g2n-precision). Recall, that the (n + 1)-loop
correction to self-energy in the denominator of unstable propagator is necessary to provide
this precision. But, at the same time, the (n+1)-loop corrections to the vertex functions are
superfluous since they contribute in the next order of expansion in the coupling. Therefore
they cannot be relevant in maintaining WI and ensuring the gauge cancellations in the
amplitude determined within the n-loop precision. Nevertheless, the WI are remained to
be valid due to explicitly these corrections, because the corrections to both the self-energies
and vertices are needed to maintain WI [10]. From the usual understanding there is not
explanation to simultaneous existence of both these eects.
The solution to this paradox may be given in the framework of the modied PT [13]. Its
basic idea is to expand in powers of the coupling directly probabilities instead of amplitudes
(the amplitudes prior to calculation of probabilities are considered to be not expanded). Such
an order of operations allows one to trace the fundamental connection between the origin of
the nonintegrable singularity of the kind jp2−M2j−2 in the phase space and the reduction of
one-loop PT order in the resonance region. In order to show this property let us remind that
the probability is always determined as an integral over kinematic variables of the squared
renormalized amplitude (with some weight), and until the integrand is not expanded the
integral is convergent due to the imaginary part of the Dyson resummed self-energy that
regularizes the kinematic divergence. The fact that the integral becomes divergent after the
PT expansion of the integrand (i.e. at g2 ! 0) means that the integral as a function of
the coupling constant includes a singularity in g2. So, in the modied PT approach the
kinematic singularities transform into singularities in the coupling constant. As a matter of
fact this is the very eect of the mentioned above reduction in the resonance region.
Note, that proceeding only from an amplitude it is impossible to estimate in a mathemat-
ically correct way the remainder of the expansion of probability, since in the resonance region
the expansion of the amplitude faces an uncertainty 0/0. (In more radical way this statement
is sometimes recognized as an inapplicability of the usual PT in the presence of unstable
fundamental particles.) However, proceeding directly from probability, which is an integral,
one can do such an estimate. Moreover, within the given precision one can reproduce in
probability the contribution of the (n + 1)-loop correction to self-energy in the denominator
of unstable propagator in form of an additive anomalous term. Owing to its additivity it
becomes possible in probability to give an independent proof of gauge cancellations in the
contributions that are generated by this anomalous term. Let us emphasize that this result
does not mean that the inclusion of (n + 1)-loop corrections to only the denominator of
unstable propagator does not lead to violation of WI within the n-loop precision. It means
only that the contributions, that violate WI, turn out to be beyond the given precision in
probability.
The present paper elaborates in detail the above propositions and on this basis presents
the proof of gauge cancellation in any order of the modied PT expansion. Notice, that the
latter outcome was practically anticipated in the pioneering work [13], oered the modied
PT. Also this work showed that owing to application of the asymptotic operation (AO)
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[14, 15, 16] the probability can be presented as the complete expansion in powers of the
coupling constant, irrespective of the presence of the weight function in the integral for
probability. However the reasoning of Ref.[13], in the part that concerns the problem of
gauge cancellations, was not complete since being based on a comparison with results of the
usual approach it overlooked the problem of reduction of one-loop PT order in the resonance
region and omitted the problem of remainder of the expansion of amplitude. The present
paper lls up this gap.
Another aspect of the present paper is the systematic research of the modied PT method.
In particular, the independence of the formalism from the ultraviolet (UV) renormalization
scheme has been shown and the recurrent relation for the infrared (IR) counterterms | the
specic ingredients of the AO formalism | has been deduced. The most important outcome,
however, which is more involved in practice, is the construction of an elementary generaliza-
tion of the fermion-loop scheme, which allows one to describe processes with unstable vector
bosons production ensuring both the gauge cancellations and NLO precision in the sense of
expansion in powers of the coupling constant.
This paper is organized as follows. In Section 2 a general statement of the problem of AO
expansion is expounded. In Section 3 the basic formulas of the modied PT are derived (on
the whole, the content of this section follows Ref.[13]). The properties of the AO expansion
of squared unstable propagator are studied in Section 4. In particular, the basic formula
(23) is derived, which helps us to solve the above-mentioned paradox (in Section 6). Section
5 discusses the soft-photon problem. In Section 6 the general proof of gauge cancellations in
processes mediated by unstable particles is given. Section 7 is devoted to construction of an
elementary generalization of the fermion-loop scheme. In Section 8 results are discussed.
2 Unstable propagator in AO, the statement of the
problem
The problems concerned in this section are connected exclusively to the structure of denom-
inator of the propagator of unstable particle (independently from its type). So, rejecting
(temporarily) all factors in the numerator, let us represent the propagator in the form
(; ) =
1
M2 − p2 −  =
1
 − h()− i f() : (1)
Here  = g2/(2) is the squared coupling constant,  = M2 − p2 is a kinematic variable, M
and p are the mass and 4-momentum of unstable particle (here and after M2 is considered
without the usual imaginary addend −i"),  stands for the renormalized self-energy,2 h and
f are its real and imaginary parts with the extracted for convenience factor . Here we do
not declare the scheme of UV renormalization in which the propagator (1) is determined since
the results will not depend on it (see below).3 The property of instability by denition means
2In the case of vector bosons the self-energy includes two Lorentz-covariant structures, which are propor-
tional to g and pp . In propagator (1) the contribution only of the rst structure is taken into account.
The second structure contributes to nonphysical pole term, which will be analyzed separately in Section 6.
3An important point is that the variation of the mass M2, accompanied by transition from one scheme
of UV renormalization to another, is of order O().
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that f 6= 0 in some neighborhood of a point  = 0. Owing to causality we assume f > 0 in
this neighborhood. In what follows we suppose that the size of this neighborhood amounts
the magnitude of order O() and that it involves a solution to the equation  − h() = 0.
Function h(), generally speaking, may be nonzero at  = 0.
The probability of a process of production of unstable particle is dened by an integral
over some kinematic region of the squared propagator W(; ) with some weight function,
P () =
Z
d '()W(; ); (2)
W(; )  j()j 2 = 1
[ −  h()]2 + 2f 2() : (3)
The weight function '() corresponds, rst of all, to the complementary part of the diagram
of unitarity, describing probability, with respect to the given squared propagator. In pro-
cesses with charged initial and nal states it includes the eects of the photon radiation from
initial and nal states (convolution). Moreover, the weight function includes the hardware
factors (aperture, etc.) of the experimental devices.
Function W(; ) in formula (3) by virtue of the property f 6= 0 is nite and, therefore,
integrable in the neighborhood of  = 0. However in the limit  ! 0 in W(; ) there
appears a nonintegrable singularity 1 / 2 . Usually this fact is interpreted as an indication
on impossibility of direct application of PT and expansion in the coupling constant in the
presence of unstable particles [1]-[12]. Nevertheless, the expansion exists for probability
P (). Really, the origin of nonintegrable singularity from only the mathematical point of
view means that the result of integration of W(; ) with weight function '() involves a
singularity in  at  ! 0. If this singularity would manage to be extracted and turn out a
power one, then the expansion of the integral in series of the coupling would be possible, with
the only dierence that it will be expansion of Laurent instead of Taylor. (Let us notice, that
the weight function '() actually is a power-dependent one in parameter . Therefore, the
expansion of the whole integral may ultimately take form of a Taylor expansion. However
a priori this property is not obvious. So, to study the problem we rst consider '() as
an arbitrary rather smooth test function, which is generally nonzero at  = 0 and does not
depend on parameter .)
To study the type of the mentioned above singularity in  let us use the property that
the singularity results from integration over the small  , and keep in functions h() and
f() only their leading terms in asymptotic expansion at  ! 0. In other words, let us
approximate them by h0 = h(0) and f0 = f(0). As a result, up to corrections which are
inessential for the leading contribution (the corrections will be calculated), we obtain the
following approximation for W(; ):
W(; ) = 1
[ −  h0]2 + 2f 20
: (4)
From here it follows by virtue of homogeneity that the integration over  leads to singularity
1/ . Indeed, let us divide the range of integration on j j < const   and j j > const  
with enough large const. Then, the integration over the second range gives nite contribution
while on the rst one it gives the mentioned above singularity. This can be easily shown by
changing the variable of integration and taking into consideration the property '(0) 6= 0.
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Moreover, we can claim that the coecient at the singularity is proportional to f−10 and does
not depend on h0. Really, f0 may be included into a normalization of , whereas h0 does
not make contribution to the leading term of the expansion, since while setting h0 = 0 the
functionW(; ) does not face singularity in  . On similar reasons the weight function '()
gives contribution to the leading term as a trivial factor '(0).
So, in spite of the fact that the expansion ofW(; ) in  under the sign of the integral is
an incorrect operation, the expansion of the result of integration is sensible. Moreover, some
properties of this expansion can be determined before actual calculation of the integral. For
systematic such calculations there is a special method called asymptotic operation, AO [14,
15, 16]. The key point in AO is transition to the extended interpretation of an integrand as a
product of the kernel of a generalized function on a test function [17, 18]. (In fact this means
interpretation of the integral as a continuous linear functional on test functions.) When the
integral is well dened (the integral before expansion of an integrand) the mentioned above
generalization means no changes. However after the formal expansion of the integrand the
new interpretation allows one to make sense to the nonintegrable terms of the integrand.
Thus, the problem of expansion of the integrand basically may be solved through the
method of generalized functions. Then, it is necessary to see to asymptotic properties of the
expansion. In the AO framework for this purpose the property of ambiguity of the extension
of nonintegrable functions is used. Generally it is well-known, e.g. from experience of UV
renormalizations, that elimination of divergences is usually accompanied by appearance of
ambiguities. When an integral is determined by the method of generalized functions, the
ambiguities are described through addition to a generalized function of the so-called coun-
terterms which are proportional to the delta-function or its derivatives, located strictly in
the point of nonintegrable singularity.4 In the AO framework the values of the coecients
at counterterms are unambiguously xed by requirement of reconstruction of that (exact)
result which may be obtained directly from the expansion of the initial integral. (Let us
remind, that before expansion of the integrand the integral was well dened and there were
no ambiguities in it.) Moreover, AO presents a practical recipe of calculation of these co-
ecients in each order of the expansion prior to calculation of the integral. The resulting
counterterms contain complete information about the singular terms in the expansion pa-
rameter. Simultaneously the counterterms may contain also nonsingular contributions which
correct the asymptotic property of the expansion.
In the above example the counterterm, which describes the leading term of asymptotic
expansion of W(; ), is of the form c=(f0) () with c is some numerical factor. In the
given case the value of factor c, as well as the very appearance of this counterterm, follows
from the well-known formula in the theory of generalized functions, lim
!0 /(
2 + 2) = ().
With allowance for this formula the expansion of W(; ) up to O(1) corrections is dened
unambiguously and comes to the delta-function only. Up to O() corrections the expansion
is nontrivial. In the most general form it can be written as






+ c0 () + c1(−) 0() + O(): (5)
4Let us emphasize, that introduction of counterterms is a general place in the theory of generalized
functions (see e.g. [18]). Actually this idea was used by N.N.Bogoliubov [19, 20] for substantiation of the
R-operation. In the AO context the term \counterterms" was introduced [14, 15] in order to emphasize an
analogy with the theory of UV renormalizations.
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Here [1 / 2 ] is the generalized function 1 / 2 dened with some prescription. (The square
brackets mean the presence of the prescription. The most common, but not mandatory
prescription is the principal value). The next terms in (5) with the delta-function and its
derivative describe the counterterms which correct the contribution of [1 / 2 ].
In general case the complete denition of the generalized function 1 / 2 may be done
like as follows [18]. First, one may do two subtractions in the test function '() in some
neighborhood of  = 0 by replacing '() to expression '() − '(0) − '0(0). As a result,
the nonintegrable singularity 1 / 2 becomes compensated. (In fact this is one of possible
prescriptions.) Then, in order to describe ambiguity emerging with this subtraction, one
should add two counterterms to 1 / 2 , one proportional to delta-function and another to
its rst derivative (both counterterms correspond to the subtractions). The coecients at
counterterms must be determined in such a way as to guarantee the asymptotic properties
of the expansion in order O(1). Their values depend on h and f , and on the choice of the
prescription in 1 / 2 , but the sum, taken as a whole, will not depend on the prescription.
The above procedure may be continued. The next term of the formal expansion of
W(; ) is 2h() 1/ 3. For its complete denition three counterterms are needed which
involve the delta-function, it rst, and second derivatives. The coecients at them can be
determined by the requirement of keeping on the asymptotic properties of the expansion.
The practical recipe of determination of these coecients is presented in next section.
3 Calculation of counterterms
Let us show the technique of calculation of counterterms on an example of AO expansion
of W(; ) up to O(2) corrections. Since the leading term of this expansion is of order
O(−1), the mentioned precision is sucient for construction of the next-to-next-to-leading-
order (NNLO) approximation. Although we do not need such precision for the applications
considered in this paper, we nevertheless carry out such calculations because it is useful for
more complete elucidation of the structure of the AO expansion. As was mentioned above,







 + E() + O(2) : (6)
Here the rst two terms result from the formal expansion of W(; ) in the sense of usual
functions. For deniteness, let us agree to understand the poles in  in the sense of principal



















ln j j : (7)
(Both versions are equivalent, see e.g. [18]. The derivatives in the last expression are
understood in the sense of generalized functions, i.e. they must be switched to the test
function via formal integration by parts without taking into account the boundary terms in
the integral.) Quantity E() in formula (6) represents the sum of counterterms which in this








Further in this section we assume that h() and f() together with their second derivatives
are regular functions in some neighborhood of  = 0.5 For simplicity we assume, at rst,
that functions h and f include one-loop contributions only. The necessary generalizations
to the case of multi-loop contributions will be considered in the end of the given section.
Our aim is to determine coecients cn, n = 0; 1; 2, in such a way as to ensure the following












Let us note at once, that for the solution to this problem we need not know all information
about function h() in the third term in square brackets, but need know three terms of its
asymptotic expansion at small  ,
h() = h0 +  h
0
0 + (
2=2) h000 + o(
2): (10)
This property arises from that fact that the remainder o( 2) cancels the nonintegrable sin-
gularity 1/ 3 in formula (9).
Now let us substitute (8) into (9) and, following [14], present the test function '() as a
linear combination of three basis functions 'n(), n = 0; 1; 2, satisfying condition '
(k)
n (0) = 
k
n













From (11) it follows that within the given precision coecients cn do not depend on the
choice of the test functions. Indeed, in case of other test functions e'n() possessing of the
same property e'(k)n (0) = kn one obtains coecients ecn instead of cn. However the dierence
between these coecients makes up a quantity of order O(2), because the dierence between
the relevant integrals is determined by the weight function e'n()− 'n() which equals zero
at  = 0 together with its rst and second derivatives. It is easy to see that the integral
in formula (11) with such weight is of order O(2). Due to this property, without loss of
generality, one may choose the test function 'n() to be a step-like one. Namely, one may
set 'n() = 












+ O(2); n = 0; 1; 2: (12)
Formula (12) basically solves the stated above problem. However it is still too complicated
for operational use since through W(; ) it contains the dependence on generally speaking
unknowns functions h() and f(). Moreover, it contains a lot of superfluous information
5If the unstable particle interacts with massless particles (photons) then, strictly speaking, this require-
ment is not correct. However, by introducing the photon mass one can restore the analyticity inside a
neighborhood dened by the generated mass gap. This is enough for our purposes. (See also discussion in
Sections 5 and 6.)
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because the integral in r.h.s. involves the contributions beyond the given precision. In
particular, the dependence on the cuto parameter  is like that.
Both mentioned above problems may be solved through a procedure of homogenization
[16]. In the given case it is reduced to the following transformations in the integrand: rst
we do substitutions  !  ,  ! , then the result expand in powers of , and in the end
set  = 1. Each term of this (secondary) expansion is proved to be a homogeneous function
of  and . So, it gives strictly denite in the order of  contribution to the integral, which
at this stage may be considered without the cuto. The rst term of this expansion gives














; n = 0; 1; 2: (13)
The next term of the expansion of homogenization will give the correction term c(1)n , etc. On
power count c(0)n  n−1, c(1)n  n, etc. Adding up the necessary number of c(i)n one obtains
coecient cn with required precision.
Let us emphasize, that the integral in formula (13) is convergent in innity. The similar
property of convergence takes place also for other c(i)n and, moreover, is a general corollary
of application of the homogenization [16]. Let us remind, that the singular terms 1 / 2 and
1 / 3 in formula (13) are dened in the sense of principal value (a change of prescription will
change correspondingly the values of c(i)n ). So, coecients cn are well dened throughout.
By carrying out the relevant calculations we come to the following result (for the rst






























0f0 − h20f 00 − f 20 f 00)
f 20
 ; c2 =
 (h20 − f 20 )
f0
 : (14)
Here the subscript 0 means that the relevant quantity is dened at  = 0, while superscript
means derivatives. For example, h00 = dh()=d j=0, etc.
The above result may be written in a more compact form if quantities cn in formula (8)








 (h2 − f 2)
f
 : (15)
Here cn, n = 0; 1; 2, h and f are understood as the functions of  . The equivalence of these
two forms of notation, (14) and (15), follows from relations f() 0() = f00()−f 00 () and
f() 00() = f000() − 2f 000() + f 000 () .
The above results may be easily extended to the case when functions h() and f() involve
the multi-loop contributions. In this case in order to obtain the complete AO expansion one
should carry out the usual expansion in  in formulas (14) or (15), in which h and f are
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understood as the full functions that involve the multi-loop contributions [13]. The simplest
way to prove this property is as follows: assuming that h and f are the full functions one
might repeat all the same reasoning as was done above, except that during homogenization
one should modify the scaling by setting n ! n in n-loop contributions. As a result the
higher-loop contributions will be identied with the one-loop ones, and formulas (14), (15)
will be restored automatically.
4 The properties of the AO expansion of W(;  )
Now let us discuss the properties of the obtained AO expansion. First of all we interesting in
those ones which will be useful for substantiation of gauge cancellation in electroweak theory.
Notice, by virtue of the specicity of the modied Feynman rules (see formulas (6), (8) and
(14)) the solution to this problem a priori is not obvious. In this connection we will adhere
to the strategy of a comparison of results obtained in the modied PT with those obtained
in the usual approach based on calculation of the amplitude. As a tool of comparison we
will use some incomplete expansions of W(; ) which ultimately lead to the same complete
AO expansion, but look more conventionally.
Let us begin with explicit demonstration of the property of independence of the result
of AO expansion from the sequence of expansion in the higher-loops. In other words, let us
explicitly show that the results of the AO expansion of W(; ) will not vary if instead of
(1) one starts with the following formula describing incomplete Dyson resummation:
(; ) =
1
 −  1 − 2 2 − 3 3 + : : : =
1
 −  1 +
2 2 + 
3 3
( −  1)2
+ : : : (16)
Here nn() stands for the n-loop contribution to self-energy (; ). By squaring (16) we
obtain an incomplete expansion of W(; ) each term of which at  6= 0 is an integrable in
the usual sense function:
W(; ) =W1(; ) +
h
(2 2 + 
3 3) W11(; ) + 
4 (2)
2
W12(; ) + h.c.
i
+ 4 j2j2 W21(; ) + O(2) :
(17)





1(; )=W1(; )W1(; ), whereW1(; ) and 1(; ) are dened
as W(; ) and (; ) in which Dyson resummed are only the one-loop corrections. Each
term in (17) can be completely expanded in the AO sense. By means of the reasoning like that
which was done in Section 2 it is easy to show that the leading term of the AO expansion
of W11(; ) has a behavior 1 /
2 . So, the rst term in square brackets in (17) after an
integration with weight function '() gives contribution of order O(1). The leading terms
for W12 and W
2
1 have a behavior 1 /
3 . So, the second term in square brackets and the last
term in formula (17) are of order O(). By similar reasoning one can show that the neglected
in (17) terms give contributions O(2). Thus, with allowance forW1(; ) = O(
−1), formula
(17) describes W(; ) within the NNLO precision.
It should be especially noted, that the above reasoning is valid as long as 2(), 3(), etc.
with some number of their derivatives are regular functions in some neighborhood of  = 0.
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If it is not so, then their products with the entered above functions Wm1n must be considered
as new generalized functions which properties have to be separately investigated. Such
situation takes place when the unstable particle interacts with massless particles. However,
when the regularizing mass for massless particles (the soft-mass) is introduced then the
problem becomes no longer relevant, because the functions n() becomes regular in the
neighborhood of  = 0. Actually, the soft-mass singularities are cancelled in probabilities.
So, for study qualitative problems the presence of the soft-mass is inessential.
Now let us proceed to the complete (exact) AO expansion of functions Wm1n. For brevity
we omit the corresponding derivation since it is similar to that discussed in the previous
section. (Let us notice only once again that we mean the case with absence of the massless
particles, or with the soft-mass regularization for their contributions.) In accordance with
(17)W11 should be expanded up to O(1) corrections, while W12 and W
2
1 up to O(
−2) ones.
In what follows, however, some next terms will be needed. So let us write down the results
beforehand with somewhat exceeding precision:
W11(; ) = E()+
1
 3
+O(); W12(; ) = E()+O(1); W
2
1(; ) = E()+O(1): (18)
Here in all cases the counterterm E() is still dened by (8), but coecients cn in each case
are dierent. In the compact form, in which they are dened as functions on  , we have:







(ih2 + if 2 + 2hf)
2f 2
; (19)




(2 ihf + f 2 − h2)
4 f 3
; (20)







(h2 + f 2)
2 f 3
: (21)
Here the singular in  coecients do not depend on the prescription for poles in  , since in
the considered above examples the nonintegrable terms (for which the prescription is needed)
are nonsingular in .
On the base of the above results let us formulate (and prove) the following properties.
Property 1
The incomplete expansion (17) of the squared propagatorW(; ), considered together with
formulas (18)-(21), is equivalent within the given precision to its complete AO expansion.
The validity of this statement may be shown by direct expansion of the corresponding
expressions and comparison of the results.
Property 2
Any incomplete expansion ofW(; ) in order to be equivalent within the given precision to
its complete AO expansion must involve in denominators all nonzero at  = 0 contribution
to Im1(). All other contributions to 1() may be transferred from denominators to
numerators in the sense of the usual expansion, but by nite number of steps.
The proof we perform by two stages. At rst we show that all zero at  = 0 contributions
to 1(), without loss of precision, may be transferred from denominators. Then we show
that the same operation may be done also for the whole of the real part of 1().
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So, let 1() = 01()+ e1() where by denition e1(0) = 0, but 01(0) 6= 0. As long as
in some neighborhood of  = 0 the function e1() is a correction one with respect to 01(),
its contribution may be transferred from denominators to numerators, like it was done in
(16) and (17) for the higher-order loops. As a result formula (17) becomes as follows:
W(; ) =W1(; ) +
24  e1 + 22 + 33 W11(; )
+






 e12 + 3 1 2 +h.c.+ 4 j2j2 W21(; ) + O(2) :
(22)
Here symbol  means complex conjugation, and in the denominators of Wm1n only 01() is
Dyson resummed. The remainder in (22) is estimated in the AO sense. AO expansions of
W1, W11, W12 and W
2
1 within the required precision are described above in this section.
The proof of formula (22) may be done noticing that within the given precision the
quantity e21 gives nonzero contribution being exponentiated not more than to quadrate.
Really, on background of the regular terms this result is obvious. If e21 (or je1j2) is multiplied
by a counterterm, then the result may be nonzero in only case of the second and higher
derivative of the delta-function (otherwise there acts property e1(0) = 0). In functions
Wm1n = [W1]
m n1 (n  0, m  0, n + m − 1 is the number of self-energy insertions in one
hand of the cut in the diagram of unitarity, m−1 does in the another hand) such counterterms
appear in order −(n+2m−1)  2, and those only functions Wm1n can be multiplied by factore21 (or je1j2) which satisfy condition n+2m−2  2. As long as in two insertions of e1 each
insertion gives a factor , and in the remaining n + 2m − 4 insertions of ek, k  2, each
insertion gives a factor not less than 2, one may estimate all mentioned above contributions
as O(). While extending the above reasoning to the third and the higher powers of e1,
one may easily see that they give nonzero contributions in the order only O(2).
The above result may be generalized to the real part of e1(). In this case e1() in
formula (22) must be dened by Ime1(0) = 0, with Im01(0) 6= 0. The basis for this
generalization is the observation that the real part of the self-energy does not contribute to
the leading term of AO expansion of W(; ). Let us remark, that formula (22) with this
modication on the rst sight should look much more complicated because from a formal
point of view it should contain innite series of terms of the type [Re1()]
nW1n. However by
forming groups with other functions Wm1n all superfluous terms must be mutually cancelled.




[not O(−3)], etc. The validity of formula (22) may be veried by direct expanding and
comparing the results.
Property 3
There is the following approximation of W(; ) up to O(n) corrections:
W(; ) =W[n](; )− n−1 Imn+1(0)
[Im1(0)]
2 () + O(
n): (23)
Here W[n](; ) stands for the squared propagator with Dyson resummed self-energy up to
n-loops (n  1). The second term collects the (n+1)-loop correction which has to be added
(with the factors) in order to obtain the approximation of W(; ) up to O(n) corrections.
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It is worth noticing that within the given precision any admissible, in the sense of Property
2, scheme of incomplete expansion of W[n](; ) is practicable, as well as the complete AO
expansion. Formula (23) follows immediately from the obvious generalization of formula (17)
to the case of any n with taking into consideration the rst result in (19).
Formula (23) represents exact quantitative characteristic of the indicated in Introduction
property of the reduction of one-loop PT order in the resonance region. Indeed, as long as
W[n](; )  −1 at  ! 0, the second term in formula (23), which involves the (n + 1)-
loop contribution, describes the n-order correction, but not the (n+1)-th one as it might be
naively expected for (n+1)-loop corrections. Since it is impossible to obtain the second term
in formula (23) analyzing the amplitude only, it is pertinent to call it anomalous additive
term.
Property 4
The obtained AO expansions transform as follows when the argument  shifts on a quantity
of order O(): fW(; ) = fW(;  −  m2)h(− m2)!h()−m2f(− m2)!f() : (24)
Here fW(; ) stands for AO expansion of any considered above functionWm1n(; ) or for the
initial function W(; ), quantity m2 is of order O(1).
Property (24) means non-sensitivity of the formalism with respect to variation of the
mass shell within O(), and also independence of the formalism from UV renormalization
scheme. Really, at the one-loop level the transition, for example, from the MS scheme to the
on-mass-shell (OMS) scheme is described by
OMS(p
2) = (p2)−Re(M2OMS)− (p2 −M2OMS)Re0(M2OMS) ;
M2OMS = M
2 − Re(M2OMS) ; ZOMS = 1 + Re0(M2OMS) :
(25)
Transformation (25), obviously, belongs to the class of transformations enveloped by formula
(24).6 Transformation at the multi-loop level is inspected by formula (17). Therefore, it can
be realized according to the standard recipes of UV renormalization which do not depend
on presence of the \infra-red" counterterms, located strictly on the mass shell (see also [15]
and the references therein). In addition let us note, that transformation to another scheme
of UV renormalization can be carried out (speculatively) for the full Green functions before
squaring the amplitude and the AO expansion. The consequent AO expansion by no means
\feels" in what scheme the Green functions were determined.
The property (24) is trivial for non-expanded fW and for their formal expansions (in
the sense of usual functions). Nontrivial aspect is that this property remains valid also
for counterterm E(). However this property also can be understood if one notes that
transformation  !  − m2 does not aect the structure of the homogenization at the
scaling  !  ,  !  (see Section 3). As a result, property (24) appears valid in the most
general case.
Below we present one more property which, although do not have connection with the
problem of gauge cancellations, represents doubtless independent interest.
6Remember, we do not consider contributions to the numerators of propagators. So, we disregard the
multiplicative wave function renormalization.
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Property 5

































Here coecients cn = cn

M2; ; h0; : : : h
(N−n)




are understood as not depend-
ing on  constants, index n runs values 0  n  N , with N is the maximum degree of
derivative of the delta-function in counterterm E(). Formula (26) is written down with
allowance for probable dependence on the parameter M2 in coecients cn. In the considered
above examples there are not such dependence, but it arises in congurations in which the
interchangings by massless particles are explicitly taken into account [13]. An essential point
for derivation of formula (26) is the expansion in powers of  of the delta-function (−m2)
and of its derivatives in r.h.s. of relation (24). The practical value of formula (26) is that it
allows one to determine the \lower" coecient to within O(L) if the \higher" coecient is
known to within O(L+1).
5 Interchangings by massless particles
The problem of taking into consideration massless particles (photons) requires a special
analysis because their contributions to self-energy of unstable particles involve a singularity
of the type   ln( − i0). The rst derivative of this expression is not dened at zero.
Therefore, already the rst correction term in formula (14) becomes uncertain.
One way to solve this problem is to introduce the regularization mass for massless par-
ticles (soft-photon mass). Then, the non-analyticity at  = 0 disappears in self-energy, and
it opens a way to use without problems the obtained above formulas. After the calculation
of probability, with taking into account the radiation of the real soft photons and the char-
acteristic cut on their energies, the singular in the soft-mass contributions will be canceled,
similarly how it takes place in QED. This property means a continuity of probability as a
function of the photon mass. So, while solving qualitative problems one may not worry about
its presence since in the nal results the dependence on the soft-mass may be eliminated by
usual passage to the limit of its zero value.
Another way [13] is based on use of the regularization properties of the parameter . This
method is naturally embedded into the context of the AO expansion problem and permits
to automatically ensure cancellation of IR divergences prior to any other calculations. It
should be emphasized, that we mean here those IR divergences which origin is connected
with emergence of a singularity in  at  ! 0. In reality such divergences appear in
those diagram congurations in which the soft momenta of massless particles come into the
unstable particles lines considered near the mass shell. Let us note, that the cancellation of
these IR divergences means cancellation of the corresponding singularities in the coupling
constant, and vice versa. The essence of the method proposed in [13] consists in stepwise
expansion of the full squared Green functions: rst in contributions of the massless particles
only, and then in other vertices using the AO technique if it is necessary. Let us note, that
the rst step in this method is always possible to do due to the Property 2 observed on in
this paper and the property Ime1(0) = 0 for the massless particles contributions.
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Doing in such a manner, one gets at the intermediate stage the modied Green functions
which unstable propagators do not contain the contributions of the massless particles. The
payment for this simplication is emergence of denite number of congurations for which
some special counterterms are needed. The algorithm allowing enumerate such congura-
tions is described in [13], and there, on the base of unitarity reasons, the general proof of
cancellation of the considered class of IR divergences is given. This fact means that the
corresponding singularities in the parameter , arising due to IR divergences, are cancelled.
Consequently, the corresponding soft-mass singularities in the alternate scheme, based on
the soft-mass regularization, must be canceled, too.
6 Unstable propagators and gauge cancellations in
electroweak theory
Now let us show that the modied PT guarantee both the gauge cancellations and the
necessary precision of the description in the sense of expansion in powers of the coupling
constant. The argumentation we perform in rather general format applied basically to any
unstable particle in electroweak theory. The basic idea is to separate in probability, with help
of formula (23), the contributions certainly possessing the property of gauge cancellations
from the problem contributions. This allow us to concentrate then on study the problem
contributions only.
Let us begin with some preliminary notes. First of all let us determine the photon-mass
regularization for IR divergences. Since IR divergences are cancelled in probability, the
probability is a continuous function of the soft-photon mass. Therefore the dependence on
it may be eliminated in the nal results by usual passage to the limit. So, if one proves the
property of gauge cancellations in the presence of soft-photon mass, then after the passage
to the limit of its zero value the result must take place, as well.7
The photon mass insertion allows one to solve at once the following two problems. First,
owing to accompanying correction of the analytical properties of self-energy there appears an
opportunity of direct application of formula (23) (see discussions in Sections 3 and 4). Second,
the diagram congurations with emittion/absorption of the soft photons are managed to be
referred completely to the vertex blocks. As a result, the problem of instability is reduced
solely to congurations with directly outgoing particles from the interaction region.
Now let us discuss the unphysical pole contributions to the vector boson propagators.
Assuming the next parameterization for self-energy
(p) =  g + L pp ; (27)
we obtain the following explicit expression for the full propagator in R-gauge:
D(p) =
g − pp/p2
p2 −M2 +  + 
pp/p
2
p2 −  M2 +  ( + p2L) : (28)
7The photon mass may be inserted without violation of WI responsible for U(1) invariance. One can see
this considering the problem in Stueckelberg formalism (the author is grateful to A.A.Slavnov for indication
on this fact). Besides, the photon mass may be inserted by the totally gauge invariant fashion [21].
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Here the rst term represents the product of the spin factor on unstable propagator (; )
introduced by formula (1). The second term describes the unphysical pole contribution.
Let us remind that in the amplitude, considered in framework of the conventional PT, the
contributions of the second term due to WI are cancelled by contributions of other unphysical
states. So, the second term in (28) does not lead to nonintegrable singularity in the phase
space. This fact allows us in the modied PT to take into account the second term in (28) in
the conventionally expanded form, as well. Then, the property of gauge cancellations of its
contributions will be checked by properties of the rst term in (28), taken by modulus and
squared. It should be noted, that the cross terms resulting from the operation of squaring
propagator (28) do not lead to nonintegrable singularities in the phase space. Therefore,
they also may be taken in the conventionally expanded form.
Now let us show that contributions of the rst term in propagator (28), being taken into
consideration in framework of the modied PT, does not break gauge cancellations. The
proof we begin with analysis of contributions of the anomalous (second) term in formula
(23). Due to its additivity the simplest way to do such analysis is to assume (temporarily)
that the squared unstable propagator consists in this anomalous term only.
At rst we consider the case of single unstable particle production. Note, that the
complementary part of the diagram of unitarity with respect to the given squared propagator,
by virtue of the delta-function without a derivative in the anomalous term, is taken strictly on
the mass shell. From this fact it immediately follows that the mentioned complementary part
of the diagram of unitarity is gauge invariant, because actually it coincides (up to factors)
with the product of two squared S-matrix elements, that describe the on-shell production
and decay of the unstable particle. Let us emphasize, that the details of denition of the
mass shell within the O() corrections are inessential, because the second term in formula
(23) describes the highest-order contribution within the given precision.
In the case of multiple production of unstable particles the contributions from all other
unstable particles | except the given one | should be considered, for the same reason, in the
leading order of AO expansion. By virtue of (6), (8), and (14) the leading order contributions
are determined by the delta-function, again without a derivative, with the coecient involving
the one-loop f0 only as a nontrivial factor. In view of the gauge invariance of the one-loop
f0 (which is seen, for instance, from its explicit expression [5]) from here there follows, once
again, the gauge invariance of the complementary part of the diagram of unitarity with
respect to the given squared propagator. Due to the additivity, the similar reasoning may be
repeated for other unstable squared propagators, and in each case from the gauge invariance
of the corresponding complementary parts of the diagram of unitarity there will follow the
property of gauge cancellations in the relevant contributions to probability.
Now let us proceed to analysis of contributions of the rst term in formula (23) and,
simultaneously, to analysis of all other accompanied contributions to probability (including
the non-resonant contributions). The proof of gauge cancellations among these contributions
may be easily done in framework of the background-eld formalism. One should only take
into advantage the fact that in the background-eld formalism the Dyson resummation of self-
energy up to n-loops do not violate WI provided that in the vertex functions all contributions
up to n-loops are taken into account, as well [10]. Treating the quantityW[n](; ) in formula
(23) in this way, one automatically gets the property of gauge cancellations in probability.
From here it immediately follows that in the complete AO expansion the gauge cancellations
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within the considered precision take place, too. The above reasoning complete the proof of
gauge cancellations in the modied PT.
Two important notes should be done in the conclusion of this section. First, in the
above reasoning the usage of any incomplete expansion of W[n](; ) is, generally speaking,
inadmissible (an exception see in the next section). The matter is that any incomplete
expansion a priori does not guarantee the property of exact gauge cancellations, since such
cancellations must take place only within the given precision of the expansion, but not beyond
this precision. However, any incomplete expansion always contains superfluous contributions
which are not under control. Another matter is the complete (exact) AO expansion in which
all superfluous contributions are cut by denition.
The second note is that the above result may be obtained, in principle, by starting with
the analysis of directly W[n+1](; ). However for this purpose one should know beforehand
with what precision this quantity describes the squared propagator W(; ). The study of
the present paper gives an exact answer to this question.
7 Generalization of the fermion-loop scheme
In case when the analysis can be restricted by NLO precision, as, for example, in the case of
W-pair production on LEP2, the gauge cancellations may be proved in the usual formalism,
without the treatment for the background-eld method. The key point is the well-known
result on gauge cancellations in the so-called fermion-loop scheme [8, 9]. Remind, it consists
in including all fermionic one-loop corrections in tree-level amplitudes and Dyson resumming
the self-energies. The diculties of this scheme are the vagueness in including also the
bosonic corrections without spoiling the gauge cancellations, and the problem of taking into
account the two-loop corrections to self-energy in denominators of unstable propagators,
which as we know (see also [11, 12]) are necessary for completing the NLO approximation.
Both these problems may be solved within the modied PT approach with usage of the
AO technique. Let us begin with the two-loop corrections to self-energy. As we have seen,
they can be simply taken into consideration by adding the anomalous term to the probability,
calculated in the usual approach with Dyson resummed one-loop self-energy corrections. In
view of (23) this operation may be carried out by means of the formula
W(; ) = W[1](; )−  Im2(0)
[Im1(0)]
2 () + O(
2): (29)
Here W[1](; ) represents the squared unstable propagator in which denominator all one-
loop corrections are Dyson resummed. The additional factor  is inserted in (29) in order to
designate the decay block of unstable particle. Remember, W[1](; ) = O(1) at  ! 0.
Let us turn now to the problem of one-loop bosonic corrections. We group them into two
classes. To the rst class we refer the corrections to self-energy of unstable particles. To the
second class we refer the corrections to the vertex factors, and also the corrections caused
by the real photons (remind, the photons are considered with nonzero mass till the very end
of calculations). The corrections from the rst class can be easily taken into account due to
the zero-value of the imaginary parts of on-shell bosonic corrections to W- and Z-boson self-
energy [5]. Owing to this property and formula (22) they can be, without loss of precision,
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transferred out from the denominators of unstable propagators. Moreover, in an OMS-like
UV renormalization scheme, with the renormalized self-energies are satised the condition
Re1(0) = Re
0
1(0) = 0, there is the following relation:
W[1](; ) = W1F (; ) + O(
2): (30)
Here W1F (; ) represents the squared propagator with the Dyson resummed only the
fermionic one-loop corrections. Substituting (30) into (29) we obtain the formula, on which
base we may easily obtain the result on gauge cancellations. To this aim we should only re-
peat the reasonings of the previous section using the well-known result of gauge cancellations
in the fermion-loop scheme (with taking into account the fermionic one-loop corrections to
the vertex functions).
However, the bosonic corrections to the vertex functions and the real photon contributions
have yet not been taken into consideration. In order to do this let us make use of the
fact that in the presence of the bosonic corrections, but within the NLO precision, the
quantity W1F (; ) must be taken in the leading order approximation only. Remember,
W1F (; ) = /(f0F )  () + O(1). Here the leading term is explicitly gauge invariant
and due to the delta-function without a derivative all factors that appear in the diagram of
unitarity are also gauge invariant (see the previous section).
So, summarizing the results we come to the following recipe of the generalization. We
formulate it having in mind the total cross section for the typical LEP2 processes CC10, CC11
and CC20, which have been studied in framework of the fermion-loop scheme in [9]. The
starting point of the generalization, of course, is the probability obtained in the fermion-loop
scheme proper, i.e. without any bosonic corrections. At this stage the gauge cancellations
are guaranteed [9]. However the precision of the description | in the sense of expansion in
powers of the coupling constant | so far is insucient, since still there are other corrections
within the NLO approximation.
The mentioned corrections may be collected in the two following terms. The rst term de-
scribes the anomalous contributions. Its structure follows the fact that among all anomalous-
term contributions to the probability in NLO approximation there survive only those contri-
butions which correspond to the pair on-shell production of unstable particles. Really, let us
consider all the o-shell subprocesses. Among them those only contribute in the leading AO
order which are mediated by the pair vector boson production, since these only subprocesses
include the factor 1/2 originating from the product of two squared unstable propagators.
(In fact these subprocesses belong to CC03 class.) The presence of the extra factor  in the
anomalous term transfers their contribution to the correction-type ones, i.e. to NLO.
The second term represents the same probability of the pair on-shell production, but
now with the bosonic corrections (excluding, of course, the correction to the self-energy of
unstable particles which has already been taken into account by the use of formula (30)).
An example of corrections of this type are the diagrams that contribute to the Coulomb
singularity, because with nonzero photon mass the corresponding congurations may be
referred to the vertex factors. The corrections to the cross section, caused by the real soft
photon radiation/absorption by an unstable particle, must also be included into the second
term, but only if its partner in the interchanging process does not belong to the decay
block of another unstable particle. All other so-called \non-factorizable" corrections [11, 12]
should not be taken into account, since with nonzero photon mass they split the momenta
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at least in one pair of the mutually conjugated unstable propagators in both sides of the
diagram of unitarity. As a result, the corresponding pair of propagators loses ability to be
of the modulus-squared type and, correspondingly, loses the ability to generate the leading
contribution of the type 1/ . The presence of the extra factor , specied by the one-
photon interchanging (independently whether the photon real or virtual), leads the given
contribution beyond the NLO approximation. Let us remark, that this strict result agrees
with observation [11, 12] about suppression of the non-factorizable corrections with respect
to the factorizable ones, obtained in the pole scheme in double-pole approximation.









ds− 0(s ; s+; s−); (31)
0(s ; s+; s−) = 
o-shell, fermion-loop-scheme
0 (s ; s+; s−)
+2 on-shell, tree0 (s ; M+; M−)
Q
=
(s −M2)  Im2(0)=Im1(0) BR (32)
+on-shell, boson-one-loop + real-photon0 (s ; M+; M−)
Q
=
(s −M2) BR :
Here BR means the branching of unstable particle evaluated on-shell. Factor 2 in the second
term in (32) corresponds to the presence of two intermediate unstable particles. In formula
(32) we have used the relation Im1(0) = MΓ0(M) following from unitarity, with Γ0(M) is
the on-shell width calculated in the tree approximation (one can verify this relation by direct
calculations [22]).8 It should be noted, that 0(s ; s+; s−) is not an observable quantity. So
it is not surprising that it involves the delta-functions (see also the next section).
In formula (32) one may do further simplication by proceeding to the complete AO
expansion. For this purpose one can use the next formula which is valid in the OMS-like
scheme of UV renormalization:
W1(; ) = [Im1(0)]




Substituting (33) into (32) one nally obtains
0(s ; s+; s−) =
VP
on/o-shell, tree
0 (s ; M+; s−) (s+ −M2+) BR+
+VP
o/on-shell, tree
0 (s ; s+; M−) (s− −M2−) BR− (34)
+2 on-shell,tree0 (s ; M+; M−)
Y
=
(s −M2)  Im2(0)=Im1(0) BR
+on-shell, tree + one-loop + real-photon0 (s ; M+; M−)
Y
=
(s −M2) BR :
8In the two-loop approximation the similar relation between  and Γ most likely does not exist. Anyway
it does not follow from unitarity.
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Here the rst two terms, as well as obvious contributions to the last term, originate from
the rst term in formula (32). Namely, the rst two terms in (34) accumulate the contribu-
tions of the mixed nature originating from subprocesses of the pair vector boson production
(CC03) and simultaneously from subprocesses of the single vector boson production (the
other subprocesses of CC10, CC11 or CC20). In the rst case (CC03) the symbol VP means
that in accordance with (33) the corresponding o-shell unstable squared propagator is ap-
proximated by VP 1/ 2 , while another unstable particle is considered as produced/decayed
on-shell. In the case of the single vector boson production in the rst two terms the symbol
VP is superfluous and may be omitted. It should be noted, that the usage of prescription of
the principal value in the rst case is necessary, because the usage of another prescription
for 1/ 2 in (30) and (33) may lead to additional contributions in r.h.s. in formula (34). Let
us emphasize, that this remark does not concern the anomalous term which is described by
the third addend in formula (34), since the anomalous term arises from the singular in 
contributions to the function W11(; ) (see formula (19) and the note after formula (21)).
The obtained above results can be easily extended to any other process with unstable
particles production, including other processes of ‘CC’-type and also processes of ‘NC’-type.
In general, it is clear how to write down the similar formulas for any process mediated by
unstable particles.
8 Discussion
In this paper we have proved the property of gauge cancellations in probabilities of processes,
determined in framework of the modied PT with usage of the AO technique. In any order of
the expansion in the coupling constant we have proved this property by taking into advantage
of the background-eld formalism. Within the one-loop precision (NLO) we have found the
proof in the usual formalism, as well, by applying the results of the fermion-loop scheme.
However, in contrast to the pure fermion-loop scheme, we have taken into consideration all
corrections that are necessary in NLO approximation. From the practical point of view the
latter result, apparently, is the main one obtained in the present paper.
It should be noticed, that the result on gauge cancellations was expected since appearance
of Ref.[13], where it was shown that calculation of probability of a processes mediated by
unstable particles may be reduced to the regular xed-order calculation. The latter fact
gave a reason to think that the problem of gauge invariance was practically solved, as well.
However, on closer examination of the problem it has been revealed that there is a large
distance before deriving the strict result. Indeed, the Feynman rules in the modied PT
+ AO coincide with the usual ones only outside the point of the on-mass-shell singularity
in unstable propagator. Therefore the gauge invariance a priori takes place only in this
area of the kinematic variables. But in any neighborhood of the mentioned singularity the
nonstandard contributions, resulted due to the delta-functions and VP prescriptions, are
nite independently of how the neighborhood is small. Moreover, a priori it is not known
anything of the properties of these contributions. This is especially clear in the higher
orders of the AO expansion (beginning with NLO) where the delta-functions contribute with
derivatives. This fact suppress direct application of the statement about the gauge invariance
of the complementary congurations in the diagrams of unitarity with respect to the given
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squared propagator (see Section 6).
In the present paper the mentioned diculty is avoided by attracting some specic prop-
erties of the AO expansion of the squared unstable propagator, permitting stepwise com-
parison with the results of the usual approach based on the calculation the amplitude with
Dyson resummation. The special role in this scheme is assigned to the anomalous additive
term, which corrects the results obtained within the usual approach.
In general, the method of a comparison with results of the usual approach promotes
to derive results in a shorter way. However, on the other hand, it not always allows one to
reveal the full advantages of the modied PT + AO. In particular, being applied to the higher
orders of the modied PT with the usage of the background-eld formalism, this method
does not allow one to solve completely the problem of gauge invariance. It is shown only
the gauge cancellations that are inspected by WI. This is enough to avoid the uncontrolled
high-energy contributions and large contributions associated with the ratios of the kind
s/m2e etc. [8]. Nevertheless, some residual dependence on the quantum gauge parameter
could remain, as long as it remains after the gauge cancellations in results of Ref.[10]. In
Refs.[9, 12] this property was interpreted as an indication on \arbitrariness" to some extent
of any resummation.
However, while taking into account the anomalous additive term and carrying out the
complete AO expansion one can expect that such residual dependence would disappear.
Really, let us look at formula (32), imagining that it is obtained in the background-eld
formalism. In its rst term in r.h.s. there can remain some residual dependence on the
quantum gauge parameter [10]. But it can emerge also in the second term through Im2(0).
In contrast to its one-loop analog, the quantity Im2(0) is not connected with the on-shell
width. Consequently, in the background-eld formalism there is not injunction for Im2(0)
to be necessarily gauge invariant. Therefore, proceeding from formula (32) to formula (34)
one may quite well expect the cancellation of the mentioned dependence on the quantum
gauge parameter.
Now let us briefly discuss the result which is probably the most important, at lest from the
practical point of view. We mean the elementary generalization of the fermion-loop scheme
which possesses both the gauge cancellations and the necessary precision of the description
in NLO approximation. It has appeared that the anomalous term is the only up to now not
calculated ingredient of this generalization. Actually, one may consider the proposed gener-
alization as an instruction how to use the already known results of the former calculations.
In this connection we call attention to the result about the absence in NLO approximation of
the so-called non-factorizable corrections in processes of W-pair production. (Nevertheless,
one still needs to consider the congurations describing the Coulomb singularity and some
congurations with real photon emittion/absorption directly by unstable particle. See Sec-
tion 7 for the detailed description. In addition, note that it is necessary also the convolution
by the purely initial-state and purely nal-state flux functions.) This means that within
NLO precision there is not need to attract the special technique of calculation of additional
counterterms caused by the soft-photon interchanging, which was designed in Ref.[13] (see
the discussion in Section 5).
In conclusion, let us discuss two more problems which usually arise at comparison of
the results of the modied PT + AO with the results of the usual approach. The topic,
as a matter of fact, is a comparison with the well-known Breit-Wigner parameterization of
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contributions of unstable states. The rst problem concerns the denition of the \physical"
mass and width of unstable particle. In the modied PT + AO both these quantities are
secondary ones (or pseudo-observables [5, 22]), which have to be dened on the base of the
primary objects, such as the renormalized (non-physical) Lagrangian mass, coupling con-
stant, etc. Apparently, the most radical way consists in the identication of these quantities
with the position of the pole in the complex plane in the full unstable propagator, which is
equivalent to nding solution to the equation M2 − sp − (sp) = 0, with sp = M2p − iMpΓp.
Notice, the latter operation may be done perturbatively.
The second problem concerns the presence of the delta-functions in the results of the
AO expansion, and, most likely, it is the most actual problem from the point of view of
adaptation of the modied PT + AO method in scientic community. The problem may
be designated as an illusory discrepancy between the presence of the delta-functions and
the notions about a continuity of the physical results as functions of the physical parameters
(kinematic variables). This problem, of course, has been stated and discussed in Ref.[13]. The
essence of the solution is reduced to the observation that there is not actually direct identity
between the squared amplitude (that is usually calculated) and the genuine probability of the
process (that is observed). Really, a formal expression for probability, which is calculated on
the base of diagrams of unitarity, before it becomes an observable quantity, should necessarily
be subjected to operation of an integration, or \smearing" with some weight function.9 For
instance, in the case of the dierential cross section, in fact, one needs only the probability
integrated over the corresponding bin of kinematic variables. Indeed, in experiment only an
integrated over the bin quantity can be observed. So, the task of the theory is to calculate
explicitly this quantity.
It is worth noticing that the necessity of using the binning trick is not a result of im-
perfection of only the given experimental device. The matter in that even using technically
perfect equipment the eect of binning all the same will remain, since the measuring devices
by principal reasons always influence on the measuring object [23]. In the context of the
considered problem this means that in the Nature there may not be devices that are capable
to generate absolutely monochromatic beams and simultaneously to register an absolutely
monochromatic nal states. Such devices do not exist and can not exist because in both
cases the appropriate (ideal) devices should be [24] by the size of the Universe.
Thus, during any measuring procedure there is not even a hypothetical expedient to
\hit" precisely into the delta-function, because any measuring at once necessarily envelops
a neighborhood. The property of smoothness of the calculated results in case of the hit into
the neighborhood which includes contributions of the delta-functions is controlled by the
asymptotic properties of the AO expansion.
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